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We onsider the evolution of narrow-band wave trains of
nite amplitude in a nonlinear dispersive system whih is
desribed by the KleinGordon equation with arbitrary polynomial
nonlinearity. We use a new perturbative tehnique whih allows the
original wave equation to be redued to a model equation for the
wave train envelope (high-order nonlinear Shrodinger equation).
The time derivative is expanded into an asymptoti series in
two independent parameters whih haraterize the smallness of
amplitudes (ε) and the slowness of their spatial variations (µ).
In ontrast to other perturbative methods in whih these two
parameters are taken equal (e.g., the multiple sale method), the
two-parameter method produes no seular terms. The results
of this study an be applied to investigating the propagation of
ultrashort (femtoseond) pulses in optial bers, to studying the
wave events on a uid surfae, and to desribing the Langmuir
waves in hot plasmas.
1. Introdution
One of the remarkable properties of nonlinear dispersive
systems is the possibility of the existene of steady
progressive waves with nite amplitude due to the
balane between dispersion and nonlinearity eets.
In the absene of dissipation, the dispersion relation
(dependene of wave frequeny on wavelength) an be
written as
ω = ω(k, |A|2), (1)
where k ≡ 2π/λ is the wave number, ω is the wave
frequeny, and λ is the wavelength. In systems with no
dispersion, the dependene on k is linear, i.e., ω = ck.
The onstant c is alled the wave phase speed. In the ase
of nonzero dispersion, the phase speed depends on wave
number (∂2ω/∂k2 6= 0), so that wave trains spread out
in spae. In nonlinear systems, this dispersive spreading
an be ompensated by nonlinear eets, whih manifest
themselves in the dependene of wave frequeny on wave
amplitude A in dispersion relation (1).
For narrow-band wave trains, when ∆k ≪ k, the
dispersion relation an be expanded into a Taylor series
about the arrier wave number k0 and frequeny ω0:





















|A|2 + . . . . (2)
Going over to the operator equation for the amplitude
A by the substitution ∆ω ⇄ i∂/∂τ , ∆k ⇄ −i∂/∂ξ and
omitting the high-order terms, we get
i(Aτ + a1Aξ)− a2Aξξ + a0, 0, 0A|A|2 = 0, (3)




a0, 0, 0 = (∂ω/∂|A|2)|A|=0, and the variables τ and ξ
stand for some onventional time and oordinate with
respet to whih the amplitude of wave train envelope
exhibits slow variations.
Equation (3) is alled the nonlinear Shrodinger
equation (NLSE). It is met, in partiular, in various
problems of nonlinear optis, plasma physis, and
hydrodynamis, and it admits solutions in the form of
solitons [1, Se. 8℄. NLSE takes into aount the seond-
order dispersion eets (term Aξξ) and the phase self-
modulation (term A|A|2). These terms are suient to
desribe the propagation of pioseond pulses in optial
bers [2℄. Sine solitons are formed by the balane of
dispersion and nonlinearity, a lesser pulse width an be
obtained when the arrier wavelength is hosen suh that
the oeient a2 of the dispersion term vanishes. So,
high-order dispersive and nonlinear eets ome to the
forefront in femtoseond-pulse problems. These eets
are desribed by generalized NLSEs (high-order NLSEs)
[2, 3℄. In the ase of hydrodynami wave propagation
along a uid surfae, high-order NLSEs were derived, in
partiular, in [47℄. Another distintive feature of wave
trains desribed by NLSE is their instability with respet
to long-wave modulations (modulational instability) at
a2 a0, 0, 0 < 0 [8, p. 640℄. To determine the modulational
instability onditions at a0, 0, 0 = 0, high-order terms are
to be taken into aount in Eq. (3).
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There are several methods whih allow the original
equations of one or other physial proess to be
redued to model evolution equations of NLSE type.
They inlude the multiple sale method [1, 6, 9℄,
Hamiltonian formalism (Zakharov method) [1012℄,
variational method [13℄, and redutive perturbation
methods [14, 15℄. In the multiple sale method, an
unknown funtion u(x, t) of oordinate and time is
looked for in the form of asymptoti expansion in powers





The wave motion is lassied into slow one and fast one
by introduing dierent time sales and dierent spatial
sales:
Tn ≡ µnt, Xn ≡ µnx.
The derivatives with respet to time and oordinate are



















the times Tn and oordinates Xn being assumed to
be independent variables. A prinipal drawbak of this
method lies in the fat that the parameters ǫ and µ with
dierent physial meanings (the former haraterizing
the smallness of nonlinearity, and the latter desribing
the slowness of temporal and spatial variations) are
tentatively taken equal: ǫ = µ. This admission produes
the so-alled seular terms in the equations for u(n)(x, t).
Suh terms, whih innitely grow with time, are
eliminated in eah new order of ǫ by an appropriate
hoie of free parameters emerging in the solutions of the
linear inhomogeneous wave equations derived from the
original nonlinear equations for the funtion u(x, t). The
proedure is very awkward, and it is diult to formulate
in algorithmi form. In Zakharov's method, the problem
is redued to an integral equation in the Fourier spae,
and the orresponding solutions should be transformed
bak to the physial spae with the use of the inverse
Fourier transformation. Again, the proedure is quite
laborious. The same remarks an be made regarding all
other methods mentioned above.
In work [16℄, V.P. Lukomsky proposed an idea of
onstruting a perturbation proedure free of seular
terms. It was used to derive a generalized NLSE for the
modulations of gravity waves on deep water. The method
allows the original system of nonlinear equations to be
redued to a model equation for the pulse envelope in the
form of asymptoti expansion of the time derivative in
terms of two independent parameters whih haraterize
the smallness of amplitudes (ε) and the slowness of
their spatial variations (µ). In this paper, we present
a general realization of this two-parameter proedure
by the example of the redution of the KleinGordon
equation to a generalized NLSE. Our tehnique allows
the oeients of the generalized NLSE to be alulated
in arbitrary order of ε (high-order nonlinear terms) and
µ (high-order dispersive terms) as well as any their
ombination (nonlinear-dispersive terms).
Consider some wave proess desribed by the (1 + 1)
KleinGordon equation with arbitrary polynomial
nonlinearity:




p = 0. (6)
Here u is an unknown twie dierentiable funtion
of the wave proess, 0 < t < ∞ is time, −∞ <
x < ∞ is oordinate, c and αp are arbitrary real
onstants (α1 6= 0), and P is an arbitrary positive
integer. Let the initial ondition at t = 0 have the
form u(x, 0) = Q(x)
(
exp(ikx)+exp(−ikx)), ut(x, 0) =
P (x)
(
exp(ikx)+exp(−ikx)), where k is the arrier wave
number.
The KleinGordon equation arises in the eld theory,
elementary partile physis, rystal disloation models,
et. [1℄. When α2p+1 = (−1)p/(2p+1)!, α2p = 0, P =∞,
Eq. (6) is alled the sin-Gordon equation, and it is used
to model the dynamis of disloations in rystals, self-
indued transpareny in nonlinear optis, spin waves in
uid helium, propagation of uxons in long Josephson
(superondutive) juntions, and dynamis of domain
walls in ferromagnetis [8, p. 840℄.
2. Spetral Representation
We look for a solution to Eq. (6) in the form of trunated





in(ωt−kx), u−n ≡ u∗n, (7)
where ω is the wave-train arrier frequeny, Nu + 1 is
the number of harmonis taken into onsideration, and
∗
stands for omplex onjugate. The same series an be





in(ωt−kx), p = 2, P , (8)
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where (up)−n ≡ (up)∗n. The oeients (up)n an be
























Substituting (7)(10) in (6) and equating the oeients
at the like powers of the exponent exp(i(ωt − kx)), we
obtain a system of nonlinear dierential equations for
the oeients un(x, t) (n = 0, Nu):










p)n = 0. (11)
Linearization of these equations at n = 1 gives the
dispersion relation in the linear approximation:
ω2 = α1 + c
2k2. (12)
3. Two-Parameter Expansions for
Narrow-Band Wave Trains
Generally, the system of equations (11) is by no means
more simple than original equation (6). It an be
simplied if solutions are looked for in a lass of
funtions with narrow spetrum, |∆k| ≪ k (quasi-
monohromatiity ondition). In this ase, the problem
has a formal small parameter µ ∼ |∆k|/k, and the
oeients un(x, t) an be regarded as slow funtions
of x and t. Let us introdue a slow oordinate ξ = µx
and go over to the variables un = un(µx, t).
When there are no resonanes between higher
harmonis, the amplitudes of Fourier oeients
derease with inreasing number (quasi-harmoniity
ondition):
un ∼ εnA, n > 1, u0 ∼ ε2A, ε < 1, (13)
where u1 ≡ εA. The parameter ε an be hosen
as a seond formal parameter, whih is independent
of the dispersion parameter µ in the general ase.
The use of two independent formal parameters is a
distintive feature of our approah as ompared to other
perturbative methods (e.g., multiple sale method),
where these parameters are not distinguished (ε = µ).
When these inomparable parameters are set equal, a
perturbative proedure produes non-physial seular
terms.
In ontrast to perturbative methods whih use the
expansions of form (4) and (5) to redue Eqs. (11) to
evolution equations of NLSE type (3), we immediately
start from the most general expliit form of suh an
evolution equation. To this end, the time derivative
(u1)t ≡ εAt should be expressed in terms of the
derivatives (u1)nx ≡ εµnAnξ with respet to oordinate
(designation Anξ means the n-th derivative with respet
to ξ) and all possible ombinations of nonlinear terms
ε2n+1A(n+1)(A∗)n. Hene, the derivative At an be
written as the following asymptoti expansion in terms
















Expression (14) is the general form of the evolution
equation for the omplex amplitude A of the rst
harmoni. The unknown oeients an_ an be
determined from Eqs. (11). To this end, the amplitudes
of all other harmonis (u0, u2, u3, . . .) are expanded in
terms of the amplitude of the rst harmoni A in the
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. . . .
The unknown oeients b
(n)
n_ are found along with
the oeients an_ from the system of equations (11)
by substituting expressions (14)(17) and equating the
oeients at the like powers of the produts εkµm
in dierent ombinations (A_ . . . A∗_ . . .) to zero. In
its essene, this proedure is similar to the method
of undetermined oeients. The oeient alulation
order and the general form of the expansions for At
and un in arbitrary order of ε are given in Appendix.
The use of two parameters in ansatz (14) is of key
importane for the oeient alulation proedure,
sine the expansions ould not be split into linear-
independent terms at ε = µ.
Note that our two-parameter approah has the same
limitations in regard to onvergene issues as other
perturbative methods do. The onvergene an get
broken in the presene of resonanes between harmonis,
when quasi-harmoniity ondition (13) is violated. Some
questions related to the onvergene of asymptoti
expansions for the solutions of dierential equations were
onsidered, in partiular, in our works [18,19℄. Expansion
(14) annot be used either for wide-band wave trains
with ∆k ∼ k.
It should also be noted that the redution of Eq. (6)
with the seond time derivative to Eq. (14) with the rst
time derivative puts a onstraint on the initial ondition
for ut. In this ase, ut(x, 0) is a funtion of u(x, 0) dened
by formula (14).
4. High-Order Nonlinear Shrodinger Equation
The two-parameter expansions were programmed in
symboli form for an arbitrary order of µ and ε. The











a0, 0, 0A|A|2 + (iµ)
(





a2, 0, 0Aξξ|A|2 + a1, 1, 0A2ξA∗+







a0, 0, 0, 0, 0A|A|4+
+(iµ)
(





a2, 0, 0, 0, 0Aξξ|A|4 + a1, 1, 0, 0, 0A2ξ|A|2A∗+
+a1, 0, 0, 1, 0|Aξ|2A|A|2 + a0, 0, 0, 2, 0A2|A|2A∗ξξ+








In eah term of this equation, the power of the formal
parameter µ points to the overall order of the derivatives
with respet to ξ, and the power of the formal parameter
ε points to the nonlinearity order. These parameters
disappear after going bak to the original variables u1 =
εA and x = ξ/µ. Taking into aount dispersion relation
(12), the oeients a_ an be written as (at P = 5)
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The expressions for the subsequent oeients a_ are
too long to be presented in expliit form.
The omplex amplitudes of other harmonis are




















































2, 0, 0, 0Aξξ|A|2A∗ + b(0)1, 1, 0, 0A2ξA∗2+
+b
(0)
1, 0, 1, 0|Aξ|2|A|2 + b(0)0, 0, 2, 0A|A|2A∗ξξ+
+b
(0)










































2, 0, 0, 0AξξA|A|2 + b(2)1, 1, 0, 0A2ξ|A|2+
+b
(2)

































At P = 5, the oeients of the expansions are
b
(0)





1, 0 = b
(0)



























1, 0, 0, 0 = b
(0)
0, 0, 1, 0 = 0;
b
(0)
2, 0, 0, 0 = b
(0)






−4c2k2 (23α32 + 90α1α2α3 − 81α21α4)+
+α1
(





1, 1, 0, 0 = b
(0)






−4c2k2 (79α32 + 18α1α2α3 − 81α21α4)+
+α1
(











−4c2k2 (17α32 + 18α1α2α3 − 27α21α4)+
+α1
(










1, 0 = 0; b
(2)

















1, 0, 0, 0 = b
(2)






















































(−358α32 + 63α1α2α3 + 432α21α4)),
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b
(2)











(−238α32 − 45α1α2α3 + 432α21α4));
b
(3)








1, 0, 0 = 0;
b
(3)










Some of these oeients were derived earlier in [9℄
by the multiple sale method. The expressions presented
in [9℄ are in agreement with those obtained here (exept
for several misprints and typographi errors).
5. The Eet of High-Order Dispersive Terms
Let us illustrate the evolution of a wave train envelope
desribed by the equation of form (14). To this end, we
rewrite original equation (6) in dimensionless variables
x˜ ≡ kx and t˜ ≡ ckt:














In this ase, we have c˜ = 1, k˜ = 1, ω˜2 = α˜1 + 1, and U0
is a typial amplitude of the funtion u.
As an example, let us onsider the ase P = 3 with
α˜1 = 1, α˜2 = 0, and α˜3 = −1/6. The values of these
parameters orrespond to the rst two terms in the
Taylor expansion of the funtion sinu. Hereafter, the
tildes over the dimensionless variables are omitted.
















































, . . . . (20)
Initially, we retain only those terms in Eq. (18) whose
overall order of smallness with respet to the parameters
ε and µ is no more than two. In this ase, we obtain a
lassial NLSE:
(u1)t = −a1(u1)x − ia2(u1)xx + ia0, 0, 0 u1|u1|2. (21)










t = 0 t = 500 t = 1000 t = 1500
Evolution of the wave train envelope whih is given, at the initial
moment t = 0, by funtion (22) with parameters β = ζ = 1/10 and
φ0 = x0 = 0. (Solid urve) exat one-soliton solution of NLSE (21),
(dashed urve) numerial solution of the generalized NLSE (24)
It has an exat one-soliton solution at a2 a0, 0, 0 < 0:
















β√|a2| (x− x0 − a1t)− 2sβζt
)
. (22)
Here s = sign(a0, 0, 0) and β, ζ, φ0, and x0 are free
parameters [20, 21℄. The orresponding approximate
solution of Eq. (19) is






(−i(√2 t− x)). (23)
To analyze the eet of high-order dispersive terms
on the shape of one-soliton solution (22), we onsider the
generalized NLSE
(u1)t = −a1(u1)x − ia2(u1)xx + a3(u1)xxx+
+ia4(u1)xxxx + ia0, 0, 0 u1|u1|2−
−a1, 0, 0(u1)x|u1|2 − a0, 0, 1 u21(u∗1)x−
−ia2, 0, 0(u1)xx|u1|2 − ia1, 1, 0(u1)2x u∗1−
−ia1, 0, 1|(u1)x|2u1 − ia0, 0, 2 u21(u∗1)xx+
+ia0, 0, 0, 0, 0 u1|u1|4 (24)
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with the oeients dened by (20). The initial
ondition is hosen in the form of funtion (22) with
β = ζ = 1/10 and φ0 = x0 = 0. The gure shows
the evolution of suh an envelope. To solve Eq. (24)
numerially, we used the split-step Fourier method [22,
23℄. High-order dispersive terms are seen to aet the
amplitude, shape, and veloity of the soliton solution.
6. Conlusion
We desribed a general method for deriving the evolution
equations for narrow-band wave trains in nonlinear
media with dispersion. The proedure produes no
seular terms and an easily be put in algorithmi form.
By using the KleinGordon equation with arbitrary
polynomial nonlinearity as an example, we derived a
generalized NLSE whose oeients an be alulated
in any order with respet to nonlinearity and dispersion.
The equation an be used to investigate the propagation
of ultrashort pulses in optial bers, to study wave events
on a uid surfae, and to desribe the Langmuir waves
in hot plasmas.
I.S. Gandzha thanks the State Fundamental
Researh Foundation of Ukraine for the nanial support
(grant of the President of Ukraine No. GP/F26/0056).
Postsript
The major part of this paper was written during the
last months of Vasyl Petrovih Lukomsky's lifetime
(January 14, 1942  Marh 31, 2008). The above-
desribed two-parameter method was developed by him
as far bak as at the end of the 1980s (some of his
notes regarding NLSE were dated by 1986 and 1987).
Regretfully, the results of those studies were published
with delay and only in one paper of 1995 [16℄. Vasyl
Petrovih was attrated by various elds of physis, he
had very broad physial horizons and often saried
the time for paper preparation in favor of something
new. Still unpublished is the paper Method of indenite
oeients for derivation of evolution equations with
higher terms for nonlinear waves written together with
Yu.G. Rapoport and submitted to Physia Sripta in
1999. They derived a high-order NLSE for desribing
the propagation of ion sound in non-isothermal plasmas.
Vasyl Petrovih turned bak to his method (whih an
appropriately be alled the Lukomsky method) in 2005
with the aim to derive a generalized NLSE for the
modulations of gravity waves on a uid surfae. This
paper was sheduled as the rst out of the whole series of
papers devoted to high-order evolution equations. To our
deep sorrow, these plans were ruined by the fatal malady
and untimely death of Vasyl Petrovih. Only time will
show whether the work whih had started an be nished
without its inspirer.
Vasyl Petrovih was a kind, sinere, alm, even-
tempered, tolerant, open, and generous man, who was
always ready to help. He was faithful to his life priniples
and onvitions till the end. He had ingenious non-
standard way of thinking and well-trained intuition.
He was a man of word and justie. Blessed memory
about Vasyl Petrovih Lukomsky will always abide in
the hearts of those people who had the honor to be in
fellowship and ollaboration with him.
APPENDIX
































ε2k(un)n0, 2k+n , n > 2,















































A∗(ni−1−ni)ξ , n2k+2 ≡ 0.
The sums above ontain many idential summands (e.g.,
a1, 0, 0AξAA
∗
and a0, 1, 0AAξA
∗
). The repetitions an be
eliminated if one limits the summation orders using the rules
ni−2 − ni−1 6 ni−1 − ni 6 ni − ni+1. The orresponding
expansions are
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Coeient alulation order
Iteration number Number of Eqs. (11) Coeient
k = 0 (ε1) n = 1 (ε1) an0
k = 1 (ε3) n = 0 (ε2) b
(0)
n0−n1, n1
n = 2 (ε2) b
(2)
n0−n1, n1
n = 1 (ε3) an0−n1, n1−n2, n2
k = 2 (ε5) n = 0 (ε4) b
(0)
n0−n1, n1−n2, n2−n3, n3
n = 3 (ε3) b
(3)
n0−n1, n1−n2, n2
n = 2 (ε4) b
(2)
n0−n1, n1−n2, n2−n3, n3
n = 1 (ε5) an0−n1, n1−n2, n2−n3, n3−n4, n4
k = 3 (ε7) n = 0 (ε6) b
(0)
n0−n1, n1−n2, n2−n3, n3−n4, n4−n5, n5
n = 4 (ε4) b
(4)
n0−n1, n1−n2, n2−n3, n3
n = 3 (ε5) b
(3)
n0−n1, n1−n2, n2−n3, n3−n4, n4
n = 2 (ε6) b
(2)
n0−n1, n1−n2, n2−n3, n3−n4, n4−n5, n5
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ÄÂÎÏÀÀÌÅÒÈ×ÍÈÉ ÌÅÒÎÄ ÄËß ÎÏÈÑÓ
ÍÅËIÍIÉÍÎ ÅÂÎËÞÖI ÑÏÅÊÒÀËÜÍÎ
ÂÓÇÜÊÈÕ ÕÂÈËÜÎÂÈÕ ÏÀÊÅÒIÂ
Â.Ï. Ëóêîìñüêèé , I.Ñ. àíäæà
 å ç þ ì å
îçãëÿíóòî ÷àñîâó åâîëþöiþ ñïåêòðàëüíî âóçüêèõ õâèëüîâèõ
ïàêåòiâ êiíöåâî¨ àìïëiòóäè â íåëiíiéíié äèñïåðñiéíié ñèñòå-
ìi, îïèñóâàíié ðiâíÿííÿì Êëåéíàîðäîíà ç äîâiëüíîþ ïîëi-
íîìiàëüíîþ íåëiíiéíiñòþ. Çàñòîñîâàíî íîâèé ìåòîä òåîði¨ çáó-
ðåíü, ÿêèé äîçâîëÿ¹ çâåñòè âèõiäíå õâèëüîâå ðiâíÿííÿ äî ìî-
äåëüíîãî ðiâíÿííÿ äëÿ îáâiäíî¨ õâèëüîâîãî ïàêåòó (íåëiíiéíå
ðiâíÿííÿ Øðåäií åðà âèùîãî ïîðÿäêó). Ïîáóäîâàíî àñèìïòî-
òè÷íå ðîçâèíåííÿ ÷àñîâî¨ ïîõiäíî¨ ïî äâîõ íåçàëåæíèõ ïàðà-
ìåòðàõ, êîòði õàðàêòåðèçóþòü ìàëiñòü àìïëiòóä (ε) i ïîâiëü-
íiñòü ¨õ çìií ó ïðîñòîði (µ). Íà âiäìiíó âiä iíøèõ ìåòîäiâ òåîði¨
çáóðåíü (òàêèõ ÿê ìåòîä áàãàòüîõ ìàñøòàáiâ), äå öi äâà ïàðà-
ìåòðè íå ðîçðiçíÿþòü, äâîïàðàìåòðè÷íèé ìåòîä íå ïðèâîäèòü
äî ïîÿâè âiêîâèõ (ñåêóëÿðíèõ) äîäàíêiâ. åçóëüòàòè ðîáîòè
ìîæóòü áóòè çàñòîñîâàíi äî äîñëiäæåííÿ ïîøèðåííÿ óëüòðà-
êîðîòêèõ (åìòîñåêóíäíèõ) iìïóëüñiâ â ìåðåæàõ âîëîêíèñòî-
îïòè÷íîãî çâ'ÿçêó, âèâ÷åííÿ õâèëüîâèõ ÿâèù íà ïîâåðõíi ðiäè-
íè, îïèñó ëåíãìþðiâñüêèõ õâèëü â ãàðÿ÷ié ïëàçìi.
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